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Abstract
We propose qubits based on shallow donor electron spins in germanium. Spin-orbit interaction
for donor spins in germanium is in many orders of magnitude stronger than in silicon. In a uniform
bulk material it leads to very short spin lifetimes. However the lifetime increases dramatically when
the donor is placed into a quasi-2D phononic crystal and the energy of the Zeeman splitting is tuned
to lie within a phonon bandgap. In this situation single phonon processes are suppressed by energy
conservation. The remaining two-phonon decay channel is very slow. The Zeeman splitting within
the gap can be fine tuned to induce a strong, long-range coupling between the spins of remote
donors via exchange by virtual phonons. This, in turn, opens a very efficient way to manipulate
the quits. We explore various geometries of phononic crystals in order to maximize the coherent
qubit-qubit coupling while keeping the decay rate minimal. We find that phononic crystals with
unit cell sizes of 100-150 nm are viable candidates for quantum computing applications and suggest
several spin-resonance experiments to verify our theoretical predictions.
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I. INTRODUCTION
Successful implementation of quantum information processing (QIP) requires not only
invention of new quantum algorithms such as Shor algorithm, quantum error correction code
or quantum adiabatic algorithm, but also further hardware development, i.e. realization of
various qubit architectures - from trapped atoms to superconducting circuits.1 A significant
advantage of solid state systems, based on different types of quantum dots2 or impurities
in semiconductors,3–5 is a capability to fabricate, manipulate and read out qubits using
semiconductor nanotechnology and conventional electronics. On the other hand, all reliable
and efficient QIP schemes simultaneously require both long qubit decoherence times6 and
controllable qubit manipulation, which poses a major challenge for practical implementation
of these systems.
Indeed, shallow donor spin qubits in semiconductors have a number of advantages related
to these requirements due to tunable spin-lattice interaction and a possibility to control spin
states without a charge-induced noise. At the same time, broadly investigated silicon-based
donor qubits with large spin dechorence times suffer from limitations in controlling and
manipulating spins due to weak spin-orbit interaction.7 Here we suggest a route for imple-
menting new spin-qubit architectures based on donor spins embedded in specially crafted
germanium structures (quasi-two-dimensional periodic phononic crystals or planar phonon
waveguides) with large spin-orbit interaction of the Ge host and engineered phonon bangaps
to simultaneously suppress spin decoherence and enable strong spin-spin coupling between
the qubits.
The large spin-orbit coupling inherent to shallow donors in bulk Ge enhances our ability
to manipulate the spin qubits but could be detrimental for their coherence. In fact, the
spin relaxation time of donors in Ge bulk is three to four orders of magnitude shorter
than that in Si. To cope with this problem we will utilize Ge-based artificial periodic
structures, known as phononic crystals (PHC).8 Similarly to the photonic crystals, that were
invented to control the light,9 the phononic crystals of different dimensions can be used to
control various types of acoustic waves, e.g. to filter and focus sound10 or even to create the
seismic proofing of buildings.11 Recently, the state-of-the-art silicon-based phononic crystals
have been fabricated12–14 and several interesting physical effects such as the phonon-photon
coupling were experimentally demonstrated.13,14
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FIG. 1: Phononic crystal. (a) Geometry of PHC formed by square lattice of holes. (b) Dispersion
laws along ΓX, ΓM, and XM directions with gap between 6th and 7th modes. (c) Distributions of
displacements over the unit cells of symmetric (left) and nonsymmetric (right PHCs for 7th mode
at M-point (colored from blue, correspondent zero to red); sizes are in nm.
A proposed quasi-2D phononic crystal formed by a square lattice of cross-shaped holes in
a suspended Ge layer is shown in Fig. 1a. This structure is similar to recently manufactured
Si-based PHCs13,14 with ∼100 nm period and thickness defining the phonon gap within GHz
frequency domain. The phonon dispersion curves, shown in Fig. 1b, display pronounced
gap in the frequency interval 13÷15 GHz. If the Zeeman energy of the donor spin ~ωZ is
tuned inside the phonon gap the one-phonon spin-flip transitions will be forbidden due to
energy conservation. As a result, the longitudinal relaxation rate, ν1, determined by very
weak two-phonon processes, will be suppressed by five orders in magnitude compared to its
bulk value. At the same time, the spin-lattice coupling will remain strong (3÷4 orders larger
than in bulk silicon, depending on a donor position in the unit cell, Fig. 1c and the spin-spin
interaction via virtual one-phonon exchange processes will exceed ν1 by many orders. If ωZ
is fine tuned and placed near the edge of the gap, see Fig. 2a, both strength and lateral
scale of a resonant exchange interaction (REI) enhance. Thus, a spin system with strong
(and long-range for REI-regime) interaction is realized in PHC with suppressed relaxation
(if a transverse rate ν2 remains only). Similar behavior is possible if Ge layer is sandwiched
between rigid materials, when a quasi-gap appears due to weak penetration of vibrations
between rigid and soft mediums.
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The central result of this work is the description of the donor spin qubits with phonon
mediated qubit-qubit interaction governed by the effective Hamiltonian given by Eq. (1)
below. The matrix J⊥nm in Eq. (1) is defined by the exchange of virtual phonons between nth
and mth spins. The values of the matrix elements may exceed the two-phonon longitudinal
spin decoherence rate ν1 by more than five orders in magnitude. This is possible because of
the strong spin-orbit interaction and phonon gap engineering, which is tailored to completely
eliminate the single-phonon decay. The fidelity factor of any quantum computing scheme is
defined by the ratio J/ν1 > 10
5 and this opens a way for a fault tolerant QIP. The main idea
of our paper is that we can selectively turn the phonon-mediated interaction ”on and off”
by fine-tuning the Zeeman energies of individual qubits. The latter can be accomplished
via local magnetic field sources such as a ferromagnetic AFM tip,15 see Fig. 2b, because
micrometer inter-donor scales in ultra-pure Ge16 The pixel-like structure of PHC, which can
be realized under a selective in-plane doping,17 provides a natural platform for the proposed
quantum computing architecture. Another QIP scheme may be realized under connection of
doped PHCs (with sizes ≥ 10 µm and concentrations ∼ 1014 cm−3) through the microwave
transmitted line, when one can manipulate averaged spins S1, S2, . . ., as shown in Fig. 2c
(similar devices were demonstrated for SQUIDs18 and for Si-based structures19). Below we
will calculate the exchange matrix elements and propose a set of experiments to verify our
theoretical predictions.
FIG. 2: Qubit control.(a) Dispersion curves around M and Γ points in parabolic approximation,
where the REI-regime takes place if ωZ → ωM,Γ. (b) Manipulation of individual spins (red arrows)
by inhomogeneous magnetic fields through ferromagnetic tips (Ft1 and Ft2). (c) Schematic layout
for manipulation of averaged spins S1, S2, . . . of PHC’s register which are capacitively coupled to
MW transmission line.
Both verification of the spin-Hamiltonian parameters and manipulation of spin coherence
are possible under resonant microwave (mw) pumping of frequency ω ∼ ωZ . Under contin-
uous mw pump, the exchange-renormalized ωZ modifies a differential absorption shape in
the linear response regime. An interplay between the Rabi oscillations frequency ωR and
the exchange contributions to Zeeman frequency (ω1,2 − ωZ , see Fig. 3a) takes place for
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the nonlinear pumping case and it modifies a nonlinear differential absorption. If dephasing
processes and long-range disorder are essential, a two-pulse spin echo measurements20 enable
to extract the exchange renormalization of ωZ . Fig. 3b shows the sequence (pi/4 - τ - 3pi/4
- τ → echo signal) with different frequencies of free rotation during τ -delay intervals. As a
result, an echo amplitude oscillates with τ , if ω1,2 6= ωZ . Beside of this, a multi-pulse spin
echo scheme can be applied for manipulation of averaged spin orientation.
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FIG. 3: Spin dynamics under mw pumping. (a) Bloch sphere for spin orientation S = (S⊥, S‖)
with Zeeman frequencies renormalized due to exchange, ω1 < ωZ < ω2, and Rabi oscillations
frequency, ωR; here S
2
t,⊥ + S
2
t,‖ =const due to the spin conservation law. (b) Spin echo (pi/4− τ −
3pi/4− τ) with τ -dependent amplitude of echo signal due to difference of frequencies ω1 and ω2.
II. RESULTS
A. Exchange Hamiltonian.
We consider a static magnetic field B = Bh (h is a unit vector) applied to a Ge phononic
crystal with donors occupying sites rn. The magnetic field induces Zeeman splitting ~ωZ =
gµBB at each donor site. Here µB is the Bohr magneton and g = (g‖+2g⊥)/3 is electronic g-
factor expressed through its longitudinal (g‖) and transverse (g⊥) principal components.21,22
The Hamiltonian of the donor spin system, Hˆ = HˆZ + Hˆph + Hˆs-ph, comprising Zeeman,
phonon, and spin-phonon interaction terms, can be explicitly represented as:
Hˆ =
1
2
~ωZ
∑
n
σˆnh+
∑
qν
~ωqν
(
b†qνbqν +
1
2
)
+
∑
n,α 6=β
∑
qν
gqν
qν
n,αβσˆn,αhβe
iqrn
(
bqν + b
†
−qν
)
, (1)
where σˆαn are Pauli matrices with α = x, y, z along Ge crystal axes [100], [010], and [001].
Bosonic creation (annihilation) operators b†qν (bqν) correspond to a phonon mode qν with
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frequency ωqν and wave vector q within a two-dimensional Brillouin zone of the phononic
crystal. The spin-phonon coupling constant gqν is defined as gqν = ~ωZK(1/2%MV ωqν)1/2,
where %M is an average mass density of the phononic crystal, V is a normalization volume,
and K = 2
(
g‖ − g⊥
)
Ξu/9g∆0, where Ξu and ∆0 are the shear deformation potential of bulk
Ge and the valley-orbit splitting of a Ge donor, respectively.21–23 The dimensionless coupling
constant K characterizes strength of the spin-phonon interaction relative to ~ωZ . Finally,
the quantity
qνn,αβ = i
∫
|ψn(r)|2eiq(r−rn)
[
pˆiαe
qν
β (r) + pˆiβe
qν
α (r)
]
dr (2)
is the dynamic strain tensor of the phonon mode qν averaged with the fully symmetric wave
function ψn(r) = ψA1(r−rn) of the donor ground state A1.21,22 Here pˆiα = qα− i∂/∂xα, and
the phonon polarization vector eqνα (r) is the eigenvector of the elastic eigenvalue problem
for the phononic crystal.
Hamiltonian (1) has several peculiarities that make donor arrays in Ge phononic crys-
tals stand out compared with similar systems based on other materials such as Si. It is
worth mentioning that the coupling of the ground-state Zeeman doublet with the elastic
strain is enabled by the g-factor anisotropy ∆g = g⊥ − g‖, which, in turn, is induced by
the spin-orbit interaction and depends on the effective mass anisotropy. The latter two
factors are much stronger in Ge (∆g/g ' 0.5) than in Si (∆g/g ' 1.5 × 10−3). As a
result, the coupling constant K in Ge ranges from 1 × 103 for As donor to 7.5 × 103 for
Sb donor, exceeding similar values for Si by about three orders in magnitude. Second,
because of the valley symmetry, the spin-orbit interaction in Ge couples the donor spins
only to shear components of the strain tensor εxy, εxz, etc. (note that α 6= β in Eq. (1)).
This creates a simple way to protect the spin qubits from detrimental effects of static ran-
dom strains. Indeed, the random strain Hamiltonian is similar to the last term in Eq. (1):
Hr = ~KωZ
∑
n,α6=β εαβ(rn)σˆn,αhβ, where εαβ(rn) is a random quantity fluctuating from site
to site. For the magnetic field in z-direction Hr does not contain σˆz, which implies that
the first order correction to g vanishes,21 since δg ∝ 〈±|Hr|±〉 = 0 (here |±〉 are eigenstates
of σˆz). For a typical random strain fluctuation with r.m.s. δε ∼ 10−6,23 the second oder
correction, δg/g ∼ (Kδε)2 ' 10−6 is negligible. This finding is confirmed by experimental
observations revealing strong anisotropy in the inhomogeneous ESR line-broadening for Ge
donors due to random strains and a drastic narrowing of the lines for [001] direction of the
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magnetic field.23
Based on the above we will assume that the magnetic field is perpendicular to the plane
of the phononic crystal (to eliminate random strain noise) and that ωZ lies inside the phonon
band gap (to suppress single-phonon decoherence processes). In what follows we will use
the interaction picture with unperturbed Hamiltonian Hˆ0 = HˆZ + Hˆph and Hˆs-ph taken as
a perturbation. The effective qubit-qubit Hamiltonian can be derived using the Redfield
equation26,27 for the reduced density matrix ρˆs = TrHˆph ρˆ and employing the rotating wave
approximation (RWA):
dρˆs(t)
dt
= − 1
~2
∫ ∞
0
dτ TrHˆph [Hˆs-ph(t), [Hˆs-ph(t−τ), ρˆs(t)⊗ ρˆph]] '
i
~
[
ρˆs(t), HˆLS + Hˆs-s
]
, (3)
where
Hs-s =
∑
n,m 6=n
J⊥nmσ
+
n σ
−
m (4)
with
J⊥nm =
~2ω2ZK2
%MV
∑
qν
ξqνn ξ
qν∗
m
ω2Z − ω2qν
eiq(rn−rm), (5)
and ξqνn = 
qν
n,xz − iqνn,yz. In Eq. (3) the first equality is the initial Redfield equation and
the second equality is the final result obtained after tracing over the phonon degrees of
freedom and applying RWA, which means that the time average of all quickly oscillating
processes is zero. The Hamiltonian HLS, which is a complete analog of the Lamb shift
Hamiltonian in quantum electrodynamics, has the same form as Hs-s but with n = m.
The Hamiltonian HLS can be absorbed into the unperturbed Hamiltonian Hamiltonian Hˆ0,
which leads to a renormalization of ωZ in HZ and in Eq. (5). Our numerical estimates
show that this renormalization δωZ is insignificant and constitutes at most δωZ/ωZ ∼ 10−4.
Thus we will concentrate on the interqubit Hamiltonian Hˆs-s and use renormalized values
of ωZ → ωZ + δωZ in Eq. (5). Notably, the dynamics of the system with ωZ in the gap is
non-dissipative to the second order in gqν and is governed by the exchange Hamiltonian Hs-s
in agreement with our initial claim.
The Hamiltonian (4) lays out a foundation of the proposed QIP architecture. Before pro-
ceedings with QIP applications of the Hamiltonian (4) we will address physical implications
of Eqs (4) and (5), investigate asymptotic behavior of the exchange integrals, and estimate
spin decoherence time due to two-phonon processes. The most interesting property of the
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phonon mediated exchange is a possibility to tune magnitude and the range of qubit-qubit
interaction by changing the Zeeman splitting.
B. Properties of donor-based spin qubits.
To better understand the properties of the Hamiltonian (4) we will examine asymptotic
behavior of the exchange integrals. Without any loss of generality we assume that near
extrema of the phonon band q0 (either Γ or M -points of the Brillouin zone) ω(q) ' ω0(1 +
l2δq2/2), where δq = q − q0 and we introduced a characteristic length l, which describes
dispersion of ω(q) near q0. Since q is two-dimensional the exchange integrals depend only
on a projection ρnm of rnm = rn − rm onto the (x, y)-plane of the phononic crystal. It
is convenient to introduce another (ω-dependent) length parameter r0 = lω0/
√
ω20 − ω2Z ,
defining the range of the qubit-qubit interaction. Replacing summation in Eq. (5) with
integration and assuming large interqubit separation, ρnm  r0, we can extend the upper
integration limit to infinity and obtain:
J⊥nm ' J⊥0 K0
(
ρnm
r0
)
∼ J⊥0
√
pir0
ρnm
exp
(
−ρnm
r0
)
, J⊥0 = −
~2ω2ZK2ξ20
2piω20%M l
2d
. (6)
Here K0(x) is the modified Bessel function of the second kind, d is the period of the PHC
lattice, which also equals to its thickness, and we neglected weak q-dependence of ξqnν ' ξ0 ∼
pi/d. The pre-factor J⊥0 /2pi~ ranges from 100 KHz (As donors) to 1.7 MHz (Sb donors).
At intermediate distances ρnm < r0 we have to cut-off the upper limit near the edge of the
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FIG. 4: Exchange integrals for different values of δ = ω0/
√
ω20 − ω2Z .
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Brillouin zone qc ∼ pi/d. This yields
J⊥nm ' J⊥0
[
log
√
1 + q2cr
2
0 −
q2cρ
2
nm
8
· 2F3
(
1, 1; 2, 2, 2;−q
2
cρ
2
nm
8
)]
, (7)
where pFq(a; b;x) is the generalized hypergeometric function. Eq. (7) describes J
⊥
nm very
accurately apart from the exponential tail at large ρnm as in Eq. (6). If 1/qc  ρnm < r0
the function in the right hand side of Eq. (7) assumes a simple logarithmic form J⊥nm =
J⊥0 log(ρnm/r0). The results of numerical calculations of J
⊥
nm are shown in Fig. 4. Strikingly,
the qubit-qubit interaction is long-range due to a very weak logarithmic dependence of the
exchange integrals on the interqubit separation for ρnm < r0. Since r0 becomes very large
one can execute a SWAP-gate24 between the qubits separated by the distances as large as 0.1
cm! As we mentioned before, the qubit-qubit interaction and, in turn, the execution of the
SWAP gate are enabled by the resonant energy transfer when the double spin-flip process is
accompanied by the simultaneous emission and absorption of a virtual phonon if the Zeeman
energies of the two qubits are brought into resonance with each other. Furthermore, when
these energies are near the edge of the phonon band gap the interaction becomes extremely
long-range.
Finally, we calculate the longitudinal relaxation rate ν1 at low ( ~ωZ) temperatures,
which is determined by the two-phonon spin-flip transitions via emission of modes (ν,q) and
(ν1,q1). Using the golden rule with the forth-order (∝ K4) matrix elements we obtain:
ν1 =
2pi
~
∑
νqν1q1
g2νqg
2
ν1q1
∣∣∣∣∣ξ(νq) · ξ(ν1q1)~ωZ − ~ωνq + (νq↔ ν1q1)
∣∣∣∣∣
2
δ(~ωZ − ~ωνq − ~ων1q1). (8)
Using Eq. (8) we can estimate ν1/ωZ as
ν1
ωZ
∼
(
K2~ω3Z
%Md · v4s
)2
, (9)
where vs is an average speed of sound. For the above parameters ν1 ∝ ω7Z and longitudinal
relaxation time ν−11 exceeds hundreds seconds. Thus, Jnm/~ν1 exceeds 105, and for ωZ within
the phononic gap, ν1 is negligible.
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C. Spin Dynamics and Bloch equation.
Temporal evolution of weakly interacted spins randomly placed into PHC is described by
the averaged spin vectors,28 skt = (1/2)TrSσˆkρˆt, where ρˆt is the multi-spin density matrix
governed by the equation with the Hamiltonian Hˆeff . We restrict ourselves by the second
order accuracy on HˆSS (the mean field approximation) and factorize the two-spin correlation
function as TrS ρˆtσˆk,ασˆk′,β ≈ skt,αsk′t,β. As a result, the system of the nonlinear Bloch
equations for skt takes form:
dskt
dt
+ γˆ · skt = [(ωZk + ∆ωt)× skt]− 2~
∑
k′(k′ 6=k)
[(
Jˆkk′ · sk′t
)
× skt
]
. (10)
Here ∆ωt is the time-dependent Zeeman frequency under a mw pumping (below ∆ωt⊥0Z),
γˆ · skt describes relaxation of kth spin, and the last term gives the effective exchange con-
tribution written through the matrix (5). Under pumping ∆ωZt switched on at t = 0 Eqs.
(10) should be solved with the initial conditions skt=0 = (0, 0, sk0) where sk0 ' −1/2 if
temperature  ~ωZ and sk0 → 0 for the high temperature ( ~ωZk) region.
Instead of microscopic set {skt}, we consider the spin orientation Srt = 〈
∑
k δ(r− rk)skt〉 /
〈∑k δ(r− rk)〉 where 〈· · · 〉 = V −N ∫ dr1 . . . ∫ drN · · · stands for the averaging over N donors
in volume V . For the large ( d, a) scale inhomogeneity case, Srt is weakly dependent on
transverse coordinate z and is governed by the spin diffusion equation
dSrt
dt
+ γˆ · Srt = [Ωrt × Srt]−D [(∆rSrt,⊥)× Srt] ,
Ωrt ≡ ωZr − ω˜rSrt,⊥ + ∆ωt . (11)
Here ωZr takes into account the non-uniform Lamb renormalization of ωZ and the exchange
contribution is transformed into −ω˜rSrt,⊥, where Srt,⊥ is the transverse part of spin orien-
tation. The frequency ω˜r is determined by the averaged exchange integral
〈∑
kk′ Jˆ
(kk′)/~
〉
with the non-zero and equal xx- and yy-components multiplied by number of donors in an
effective volume of interaction. The diffusion coefficient, D, is estimated as ω˜l2ex/2 where lex
estimates a scale of exchange interaction. The diffusion contribution of Eq. (8) is negligible
for the case of large-scale ( lex) inhomogeneities of ωZr and ω˜r. Because the ratio ~ν1/Jr
is negligible, we replace γˆ · Srt by ν2Srt,⊥ with the transverse relaxation rate ν2.
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Taking into account ν2 and neglecting diffusion if scale of disorder > lex, one obtains the
nonlinear (with respect to Srt and ∆ωt) system for the transverse and longitudinal (Srt,⊥
and ezSrt,‖) parts of spin orientation(
d
dt
+ ν2
)
Srt,⊥ = Ωrt,‖ [ez × Srt,⊥]−∆ωtSrt,‖ ,
d
dt
Srt,‖ = (∆ωt · Srt,⊥) . (12)
Here Ωrt,‖ = ωZr + ω˜rSrt,‖ includes the Lamb shift and the exchange (∝ Srt,‖) renormal-
ization, which can be parametrically dependent on x due to a large-scale disorder. Within
the collisionless regime, ν2t  1, the spin conservation takes place S2rt,⊥ + S2rt,‖ = S20 with
the rt-independent initial orientation S0. If ∆ωt → 0 and ν2 → 0, Eq. (12) describes free
rotation of Srt,⊥ around 0Z with the frequency ωZr + ω˜rS0. Characterization of PHC (ex-
change, relaxation, and disorder parameters) and manipulation of spins are possible under
resonant mw pumping.
D. Microwave response.
The absorbed power is given by Prt = −~∆ωt · dSrt,⊥/dt, where (. . .) means averaging
over period 2pi/ω.20,29 Under weak circular pumping ∆ωt,x + i∆ωt,y = ωP exp(iωt), the
solution of linear Eq. (12) gives the resonant peak Pr = ~ωω2Pν2/ [ν22 + (δωr − ω˜r/2)2] where
δωr ≡ ω − ωZr is the frequency detuning and S0 = −1/2 for the zero-temperature limit.
The resonant line has linewidth determined by ν2 and by disordered contributions stem from
δωr and ω˜r. If line is narrow enough, these contributions can be verified from the shape
of the differential absorption dP/dH averaged over disorder, similarly to the measurements
of GeSi dots.30 The derivative dP/dH increases under the REI-conditions due to additional
dependency of ω˜ on δZ .
In the case of weak exchange, ω˜  max(ωP , |δω|, ν1,2), the linear with respect to St ∝ S0
system (12) describes evolution of the resonant absorption Prt and the spin orientation Srt,‖.
Neglecting damping, at ν2t 1 and ν2  ωP , |δωr|, and using the rotation wave approach,
if |δω|  ωZ , one obtains oscillating responses
Prt = −S0~ω ω
2
P
ωrR
sinωrRt , Srt,‖ = S0 cosωrRt (13)
11
with the Rabi frequency ωrR =
√
ω2P + δω
2
r and the pi/2 phase shift between Prt and Srt,‖.
If the exchange interaction is essential (ω˜ ∼ ωP , |δω|), shape and strength of temporal Rabi
oscillations are sensitive to ratio ω˜/ωP . Within the rotating-wave approximation, we plot
these responses in Fig. 5 for low temperatures, S0 = −1/2 at resonant condition δω = 0
(implicit solution for Srt,‖ can be written through the elliptic integrals).
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FIG. 5: Interplay between exchange and Rabi oscillations. Absorbed power Pt (in units
ωP~ω) and the longitudinal spin orientation St,‖ versus dimensionless time, ωP t, for ω˜/ωP =2 (1),
4 (2), 5 (3), 6 (4).
The two-pulse spin echo scheme (pi/4 - τ - 3pi/4 - τ → echo) permits verification of
exchange contribution under an essential decoherentization and long-range disorder.20 Here
two pulses of frequency ω and durations t1,2 are correspondent to the pumping levels ωP1,2
by ωP1t1 = pi/4 and ωP2t2 = 3pi/4 and the delay times τ  t1,2. In the rotating-wave frame,
free evolution of St,⊥ = 〈St,x + iSt,y〉 exp(−iωt) after first and second pulses is ∝ exp(δω1,2t)
with different frequencies δω1,2 = δωr − ω˜S1,2‖ and 〈. . .〉 stands for averaging over long-
range disorder. If ωP1,2  ω˜, |δωr|, ν2 and exchange is negligible according to Fig. 5, the
spin orientations after first and second pulses are S1,‖ = S0/
√
2 [c.f. Eq. (13)] and S2,‖ =
−S0(1 + cos δω1τ)/2. For the case of Gaussian disorder with the averaged variations of
Zeeman frequency
√〈δω2r〉 = δω∗, spin echo signal is
St,⊥ = S0 exp
{
− [δω
∗(t− 2τ)]2
2
}
Ψ (φτ ) , (14)
where S0 = (1 +
√
2)/4 stands for the echo amplitude at t = 2τ if ω˜ → 0 and Ψ(0) = 1.
Function Ψ (φτ ) with φτ = S0ω˜τ/
√
2 describes modulation of St,⊥ caused by the exchange-
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induced difference in δω1 and δω2, which results in an interference oscillations of Ψ (φτ ).
The disorder-induced exponent and the modulation Ψ are multiplied because of additive
contributions of these factors to the frequency Ωrt,‖ in Eq. (12). Shape of modulation of
St=2τ,⊥ versus delay time τ is determined by ReΨ and ImΨ plotted in Fig. 5. Here ReΨ and
ImΨ are even and odd functions of φτ and φτ > 0 corresponds to the spin inversion case,
S0 > 0. Thus, verification of exchange contribution require variations of τ in ∼ 10 µs scales.
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FIG. 6: Oscillations of spin echo amplitude. Real and imaginary parts of Ψ versus delay time
τ and S0 (here φτ = S0ω˜τ/
√
2).
E. Structure with quasi-gap.
Finally, we describe the r/Ge/r-structure with Ge layer sandwiched between the rigid
substrate and cover layers which can be diamond, BN, or H-SiC (see Fig. 7a). Penetration
of vibrations from rigid materials into Ge is weak because the reflection is effective due to
the about 10 times differences31 between modules of elasticity in rigid materials and soft Ge.
Thus, the spin-phonon interaction with bulk modes is ineffective and there is a quasi-gap
for waveguide modes in Ge layer up to cut-off frequency in GHz range (ωG ≈ ctpi/d, see
Fig. 7b). Calculations of the exchange integral (5) was performed for the r/Ge/r-structure
neglecting penetration of waveguide modes into the rigid materials. In Fig. 7c we show the
ratio Jr/~ωZ versus inter-donor distance for different ωZ/ωG, which demonstrates ∝ ∆x−3/2
asymptotic if ∆x/d ∼ 1. These results are in agreement with the estimates of Jr given by
Eq. (??) If piδZ ≥ 10−(3÷4) (restriction due to disorder effect), the REI-regime is realized
over a wide interval of ∆x, between 10 nm and 0.01÷0.1 cm with a sharp suppression of the
RIE-regime if δZ increases, see inset.
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FIG. 7: Exchange in sandwiched Ge structure. (a) r/Ge/r structure with interacted donor
spins under magnetic field H; incident (i-), reflected (r-), and transmitted (t-) waves and three
waveguide modes (shear and coupled) with in-plane wave vector q are shown. (b) Coupled eigen-
modes of frequencies ωνq for structure with Ge layer of width d (cut- off frequency ωG ∝ d−1);
dashed lines correspond to the bulk dispersion laws for l- and t-phonons. (c) Jr versus ∆x (in units
10−6~ωZ and d, respectively) for Ge layer sandwiched between rigid slabs under relative detunings
δ2Z : 10
−3 (1), 5×10−3(2), 0.05 (3), and 0.5 (4). Asymptotics Jr ∝ ∆x−1.5 is shown by dotted curve
and inset demonstrate ln-dependency of Jr/~ωZ on δZ for pi∆x/d '5 and 10 (solid and dashed
curves, respectively).
At low ( ~ωZ) temperatures, the longitudinal relaxation rate ν1 in the quasi-gap region
ωZ < ωG is determined by the spin-flip transitions via bulk modes, weakly propagated
through r/Ge/r-structure. Based on the golden rule, we estimate the relative rate ν1/ωZ ∝
K2 and the result is:
ν1
ωZ
∼ K2 ~ωZ
Mv2s
, M = 2pi%M
(
vs
ωZ
)3
, (15)
where the characteristic sound velocity c˜ is combined from cl,t in Ge and rigid materials and
ν1 ∝ v 5s . For the above parameters, we got ν1/ωZ ≤ 10−11 and ν−11 exceeds seconds. The
ratio Jr/~ν1 exceeds 103 and ν1 is not affect on the spin-spin exchange in structures with
quasi-gap. Thus, the r/Ge/r-structure with quasi-gap, which is more simple technologically
than PHC, can be interesting for QIP applications.
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III. DISCUSSION AND OUTLOOK
It is important to stress that these results are based on the estimates written through
the ratios of K2~ωZ to the characteristic energies Mv2s , (see Eqs. (9) and (15)), which is
evident from the dimensional requirements. The evaluation of HˆSS is restricted by donor
concentrations nD  1016 cm−3, when the exchange due to tunneling overlap of donors is
negligible. For lower concentrations, the mean-field approximation for exchange in Eqs. (10)-
(12) is valid if n
−1/3
D < radius of interaction. A region of intermediate concentrations, between
the mean-field regime and a system of free donor spins (if nD ≤ 1011 cm−3) requires a special
analysis.
Summarizing the results obtained, we have demonstrated that a controllable manipulation
of in donor spin system placed into PHC is possible by the reasons:
(i) Strong suppression of relaxation-to-exchange ratio (in contrast to the bulk case25)
opens a way for fault-tolerant operations;
(ii) Very sharp (at detunings δZ ≤ 10−3 corrrespondent a weak variations of magnetic
field) transformation from free spin system to large-scale REI-regime permits a remote
control of qubits;
(iii) Effective control of spin conversion between St,⊥ and St,‖ by microwave pulse takes
place due to the interplay between exchange renormalization and Rabi oscillations;
(iv) Formation of macroscopic spin patterns, with lateral sizes up to 0.1 mm, using micro-
magnets in order to control REI-regime, see32 and references therein;
(v) Manipulation of single spin in ultra-pure Ge16,33 or spin clusters in small-size (≥
10 µm) PHCs, which are governed by the nonlinear Bloch equations (10) or (12),
employing ferromagnetic tip15 and/or mw cavity,18,19 without any electric circuits when
noises are suppressed.
In order to implement the structures suggested and to measure the peculiarities found,
one have to meet several technological requirements for PHC structures: a) suppression of
spin decoherentization rate ν2 in comparison to typical values in Ge-based materials
7,34 b)
reduced stresses, dislocations, and interface disorder, c) homogeneity of donor distribution
in PHC or r/Ge/r-structures or controllable selective doping,17 far from imperfections at
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boundaries or interfaces, and d) spatio-temporal stability of magnetic field and pumping
characteristics, i.e. ωZ , ω, and ωP , as well as frequency of gap edge allowed realization of
REI-regime.
To conclude, we have demonstrated that a combination of phonon engineering provided
gap in vibration spectra in PHC with unique spin and technological characteristics of Ge
opens a way for quantum information applications. We believe that our paper will stimulate
effort for preparation of structures suggested and for verification of qubit parameters.
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